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CONTINUOUS COHOMOLOGY OF THE ISOMETRY 
GROUP OF HYPERBOLIC SPACE REALIZABLE ON THE 

BOUNDARY 

HESTER PIETERS 


Abstract. We prove that the continuous cohomology of Isom + (H n ) 
can be calculated using the complex of measurable maps on the bound¬ 
ary of hyperbolic space. This implies in particular that for Isom + (H") 
the comparison map from continuous bounded cohomology to continu¬ 
ous cohomology is injective in degree 3. We furthermore prove a sta¬ 
bility result for the continuous bounded cohomology of Isom(H n ) and 
Isom(Hg). 


1. Introduction 


The volume function of an ideal simplex in hyperbolic 3-space is 3/2 
times the Bloch-Wigner dilogarithm of the cross ratio of its 4 vertices in 
OH 3 . In this context, the five-term relation for the dilogarithm is the co¬ 
cycle condition for the volume function. Let Isom + (H 3 ) be the group of 
orientation preserving isometries of H 3 . In [2j Bloch proved that the space 
of measurable functions (OH 3 ) 4 —> M that are Isom + (H 3 )-invariant and that 
satisfy the cocycle condition is one-dimensional and generated by the vol¬ 
ume function. In fact, Bloch shows that the continuous cohomology group 
R/(Isom + (H 3 ),M) (see m, ini) can also be calculated using the complex 
of measurable maps on the boundary. Then, since R/(Isom + (H 3 ), M) is one 
dimensional, it indeed follows that up to scalar multiplication the volume 
function is the only Isom + (H 3 )-invariant measurable cocycle on the bound¬ 
ary. Our main result is that the continuous cohomology of Isom + (H ri ) can 
be realized on the boundary for hyperbolic space of any dimension n. 


Theorem 1.1. Let n > 2. The continuous cohomology of G = Isom + ( H n ) 
can be calculated using the complex of measurable maps on the boundary of 
hyperbolic space. That is, 




ker(<5 : ( CT) G (CP +l ) G ) 
im(<5 : {CP - 1 ) 0 ( CP ) G ) ’ 


where CP = C((<9H n ) p+1 , M) is the G-module consisting of measurable maps 
(i9H n ) p+1 — > M identifying those which agree almost everywhere, and 5 is the 
standard homogeneous coboundary operator. Furthermore, all cocycles have 
essentially bounded representatives. 


l 
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The main difficulty in the generalization from n = 3 to higher dimensions 
comes from the fact that for n > 4 the stabilizer of 3 points in cffll n is not 
trivial. This prevents a straightforward generalization of Bloch’s proof for 
degree p > 3. It is not known if this result generalizes to all semi simple 
Lie groups G with Furstenberg boundary G/P. Examples indicate that this 
might be the case. In m,m Goncharov defines measurable cocycles on the 
space of flags Pl( C m ) representing the Borel classes in iL^ n_1 (Sl m (C), M) for 
n = 2,3 and m > 2re — 1 using the classical di- and trilogarithm. These co¬ 
cycles are all bounded and therefore give further evidence for the conjecture 
02MH!) that the comparison map between continuous bounded cohomology 
and continuous cohomology is an isomorphism for all semisimple connected 
Lie groups with finite center. This has so far only been established in a few 
cases. For degree 2 it was proven by Burger and Monod in [7j. In degree 3 
and 4 it has been proven for SL( 2,M) by Burger-Monod |8j and Hartnick- 
Ott [T5| respectively. For Isom + (H Tl ), injectivity in degree 3 was so far only 
known for n = 2 by Burger-Monod [7J and for n = 3 by Bloch’s result, i.e. 
our Theorem 0 here. An immediate consequence of Theorem |1.1| is 


Corollary 1.2. The comparison map from continuous bounded cohomology 
to continuous cohomology for real hyperbolic space H n is injective in degree 
3, i.e. 


c-.Hl b (G,R)^H 3 c (G,R). 


One tool for computing the continuous bounded cohomology of Lie groups 
can be stability results. In [TH] Monod proves that the continuous bounded 
cohomology of SL n is stable over n. More precisely, for any local held k and 
0 < q < n — lhe shows that the standard embedding Gl n _i (k) ^ SI n (k) 
induces an isomorphism b (S\ n (k)) = b (Gl n -i(k)). He proves this using 
nontrivial coefficients of L°° type and a spectral sequence argument. In this 
paper we prove such a stability result for the isometry group Isom(H? c G of 
real (or complex) hyperbolic space using simpler methods. 

Theorem 1.3. If k + 1 < n then there exists an injection 
H* b (Isom( H? C) ),K) ^ H* b (Isom( Hg 1 ),®). 

About the proof of Theorem |1.1| 

We follow Bloch’s approach by looking at the spectral sequences associ¬ 
ated to the double complex (C(G q+1 , C P ) G , d, 6) (with differentials d, 6 to be 
defined below in section 3). For p > 2 we have = Hf n (SO(n — 2),C p ~ 3 ), 
with SO(n —2) the stabilizer of 3 points in the boundary of hyperbolic space. 
In the case of n = 3 this group is trivial and thus J Tj p / 1 automatically van¬ 
ishes for q > 0. Because of this, in Bloch’s proof for n = 3 the fact that 
the spectral sequence degenerates at the second page already follows from 
looking at the first page. One would expect that H^K, A) vanishes if K 
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is compact no matter what the coefficients A are. However, if the coef¬ 
ficients A are not locally convex there is no way to integrate over them 
so it is not possible to construct a coboundary in the usual way. Since 
C'((<9HI Tl ) p_2 , M) is a (non-locally convex) F-space it is not clear (how to 
prove) that H^(SO(n — 2 ),C P ~ 3 ) vanishes for n > 3. Here we will instead 
prove that if a cocycle [a] € r E^' q survives to the second page of the spectral 
sequence, i.e. if da = dX, then it is cohomologeous in to a coboundary 
in . As in the proof in [Tj of the isomorphism between measurable and 
continuous cohomology in the case of Frechet coefficients [I], Theorem A], we 
would like to show by dimension-shifting induction that each cocycle has a 
representative that is locally totally bounded. In fact, by a double induction 
argument, we will show that this is the case for a cocycle in The first 

step of this dimension-shifting induction argument is Proposition |3.4| that 
implies in particular that all cocycles in ( C P ) G have essentially bounded 
representatives, which is the second part of Theorem H3 
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for carefully reading multiple drafts of this paper and Tobias Hartnick for 
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2. Preliminaries 

Let G be a locally compact second countable group. A Polish space is 
a separable completely metrizable topological space, a Polish group is a 
topological group which is also a Polish space in its topology and a Polish 
Abelian G-module is a Polish Abelian group A with an action of G by 
continuous automorphisms and a translation invariant metric. It is a F- 
space if A is furthermore a separable real topological vector space in its 
Polish topology. A Frechet space is a locally convex F-space. For any 
(j-finite measure space X and any separable metric space A let C ( X , A) 
be the set of measurable functions X —>• A, identifying those which agree 
almost everywhere (a.e.). Any class of measurable functions contains a Borel 
function so we could also define C (A, A) as consisting of Borel maps X —> A 
and obtain the same space. We endow this space with the topology of 
convergence in measure. When A = M this gives the usual F-space structure 
on C(G,M) and this space is often denoted by L°(G). There holds a Fubini 
theorem for these spaces, i.e. if X, Y are two er-finite measure spaces then 
C(X x Y,A) = C(X,C{Y,A )) = C(Y,C(X,A)) [Ml Theorem 1], If A is 
a Polish Abelian G-module and X is a standard Borel space on which G 
acts as a Borel transformation group such that it leaves some finite measure 
fj. quasi-invariant then C(X,A) is again a Polish Abelian G-module with 
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action given by 

(9 ■ f)(x 1 , ...,x p ):=g- {f{g^x i,... ,g~ l x p )), 

for / E C(X,A), g E G and xi,...,x p E X and where this and all fur¬ 
ther equalities are understood to hold a.e. [20] Proposition 12]. Denote 
by C(X, A) G the submodule consisting of G'-invariant maps. For locally 
compact second countable groups G and Polish Abelian G-modules A in 
m,m and m C.C. Moore developed the measurable cohomology theory 
H* 7 (G,A). Let d : C(G p+1 ,A) g -» C(G p+2 ,A) g be the standard homoge¬ 
neous coboundary operator, i.e. for a E C(G P+1 , A) G and go,. ■ ■, g P + 1 £ G 

p- i-i 

da(go,. • •, g P - t-i) - ' ( 1) a(g 0 ,..., gi, ■ ■ ■, g P - t-i)* 

i=0 


The measurable cohomology groups for G with coefficients in A are 

ker (d:C(G p+ \A) G ^C(G p+2 ,A) G ) 
m{ ’ j ‘ im(d : C(G p , A) G —)• C(G p+1 , A) G ) ' 

Analogously, C c (G p+1 ,A) g and C cfi (G p+1 , A) G are defined to be the G- 
invariant cochains G p+1 A that are respectively continuous and continu¬ 
ous bounded and we obtain the continuous cohomology groups 


H p (G,A) 


ker (d : C c (G p+ \A) g ->• C c (G p+ 2 ,A) g ) 
im(d : C c (G p , A) G C c (G p+1 , A) G ) ’ 


and the continuous bounded cohomology groups 


ker(d : C C)b (G p+ \ Af -> C c , b (G p+2 , A) G ) 
im (d : C c , b (G p ,A) G ->■ C c , b (G p +\ A) G ) 


where the appropriate coefficients A for continuous bounded cohomology 
are the dual of a separable Banach space on which G acts continuously and 
by linear isometries. For more information about this technical requirement 
see [16]. 


Let H < G be a closed subgroup. There exists a section s : G/H —>• G of 
the natural projection map p : G —^ G/H that is Borel and locally totally 
bounded, i.e. that sends every compact subset of G/H to a precompact 
subset of G. The existence of Borel sections ensures that measurable coho¬ 
mology has long exact sequences. Since furthermore H°(G,A) = A G and 
H P (G,C(G,A)) = 0 for p > 0 it follows by Buchsbaum’s criterion (see [6]) 
that H* m is the unique effaceable cohomological functor on the category of 
Polish G-modules [2Ql Theorem 2], Indeed, let i : A <—>■ C(G,A) be the 
embedding of the G-module A into C(G,A) as the closed submodule of 
constant maps. Then the short exact sequence 

0 ->■ A C(G,A) -» C(G,A)/l(A) -> 0 





5 


induces isomorphisms Hm{G,A) = Hm 1 (G,C(G, A) / t(A)) for all p > 0. 
The connecting map Hm(G,A ) —> Hf n 1 (G,C(G, A)/l(A)) is induced by 
the map Q : C P {G, A) -> C p ~ l (G, C[G , A)) given by 

{Qa)(g 0 ,---,g p -i)(g) ■■= (~l) p a(g 0 ,... ,g p -i,g), 

for a G C P (G, A) and g, go ,..., g p ~ i EG. If a is a cocycle it follows directly 
that d(Qa)(go,... ,g p ) is the constant map g H > a(go,..., g p ) and thus the 
image of Qa under the quotient map C(G,A) -» C(G, A)/t(A) defines a 
class in H^ 1 (G,C(G, A)/i(A)). Furthermore, it can be shown that this 
image only depends on the cohomology class of a so that Q indeed induces 
the connecting map. This allows for the technique of dimension shifting, 
that is we can rewrite a cohomology group as a cohomology group of lower 
degree (but with different coefficients). Then by induction on degree, some 
algebraic properties that clearly hold in lower degree may be shown to hold 
in higher degrees as well. We will use this technique in the proof of Theorem 

o 


Since in general there exists no continuous cross section G / H —» G con¬ 
tinuous cohomology has no long exact sequences when we allow all Polish 
G-modules as coefficients. However, when restricting to Frechet modules 
there do exist continuous cross sections and continuous cohomology is the 
unique effaceable cohomological functor on this category. In [1] T. Austin 
and C.C. Moore prove that measurable cohomology is also effaceable when 
restricted to Frechet modules. Hence for Frechet coefficients A we have 
Hm(G,A) = H*(G,A) [H Theorem A]. The crucial step in the proof is jU 
Proposition 33] which states that for any cohomology class in H* n (G. A) 
there exists a locally totally bounded representative. The main ingredients 
of its proof are dimension shifting and the fact that a locally totally bounded 
measurable cocycle a : G p —>• C(G , A)/i(A) can be lifted to a locally totally 
bounded measurable map a : G p C(G,A). That there exist such a lift 
folllows from the Borel selection theorem (see e.g. TO. section 423]) and [lj 
Lemma 32]. 

Let H < G be a closed subgroup and let A be a Polish //-module. Further¬ 
more, let Ind))(A) be the Polish G-module consisting of all measurable maps 
/ : G — > A such that f(gh ) = h ~ 1 ■ f(g) for almost all pairs ( h,g ) G H x G 
with the action of G given by: 

(.9 ■ f)(g') = /(s^V)- 

There holds an Eckmann-Shapiro lemma [20L Theorem 6]: 

HI{GM^ G h{A)) = HI{H,A). 

For / G C(G/H,A ) define / G Ind^(A) by 


f(g) = g~ 1 -s(gH).f(gH). 
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This induces an isomorphism C(G/H,A) = Ind^(A) [20], Proposition 17]. 
The action of G on C(G/H, A) becomes (g-F)(g' H) = A (g, g'H)-F(g~ 1 g'H), 
where 

Kd, g’H) := s(g’H)~ l ■ g ■ s(g~ l g'H) e H. 

If cochains in Hm(G, Ind^(^4)) are continuous, as for example in degree 1 
(EH Theorem 3]), we can give explicit maps on the cochain level which 
induce the isomorphism of the Eckmann-Shapiro lemma. Define 

u n : C c (G q+l , A) h C c (H q+1 ,A) H 

by 

u n (a)(h 0 , ...,h q ) = a (h 0 ,h q ), 

for ho, ■ ■ ■ ,h q £ H. Note that this is well defined because a is continuous in 
G q+l . The map 

v n : C c (G q+1 ,C(G/H, A))° -> C c (G q+l ,A) H 

can be defined as follows: Let j3 E C c (G q+1 , C(G/H, A)) and g £ G. Define 
F g (/3)eC c (G q+1 , A) by 

F g(P)(go, ■■ ■ ,g q ) ■= P( s (g H )go, ■ ■ ■ ,s(gH)g q )(gH), 

for go, ■.., g q £ G. Then if j3 is G-invariant, F g (j3) is independent of g and 
gives an element in C c (G q+1 , A) H . We define v n (/3 ) to be this element and 
then we can define 

<t> = u n o v n : C c (G q+1 , C(G/H, A)f -> C c (H q+1 , A) H . 

Its inverse in cohomology is given by 

il>(a)(go, • • •, g q )(gH) = a(X(g 0 , gH), A (g q , gH)), 
where a € C c (H p+1 , A) H and g,go, ■ ■ ■ ,g q £ G. 

3. Proof of Theorem o 


Let (K p ' q ,d,5) be the first quadrant double complex defined by 
K p q = C(G q+1 , C P ) G , for p, q > 0, 

where C p = G((i9BI n ) p+1 , M), the first differential d : K p,q —> K p,q+1 is the 
homogeneous coboundary operator and the second differential 5 : K p,q —> 
K p+1,q is induced by the homogeneous coboundary operator <5 : C p —> C p+1 . 
To such a complex one can associate two spectral sequences, and u F p r ’ q , 
both converging to the cohomology of the total complex (see for example 
dj). If a £ C((9BI n ) p+1 , M) g is a cocycle then a = 6/3 with 

(3(x 0l • • •, x p -i) := a(y, x 0 ,..., x p _i), 

where y £ 5EI Tl such that a(x o,..., x p ) = Ylj(~^V a (y, x o, ■ ■ ■, x j, ■ ■ ■, x p) 
for almost all (xq, • • •, x p ). Thus (C*, 6) is an acyclic cocomplex. Therefore 
n E p / q = 0 for all r > 1 ,p> 1 and q > 0 and rr E^' q = C(G q+1 ,M) G for all 
r > 2 and q > 0. Hence, on the one hand, n E p ' q converges to 
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which is isomorphic to the continuous coho mology of G. On the 

other hand, we establish in Proposition 3.1 that 7 E(!’ g converges to the right 


hand side of the isomorphism of the theorem: 


Proposition 3.1. The spectral sequence I F^’ q converges to 

ker {6 : ( C P ) G -> ( C P+1 ) G ) 
im(<5 : {CP - 1 ) 0 -A ( CP) G ) ' 


Proof. The first page of this spectral sequence is Hd(K p,q ) = Hm(G, C p ). 
Let Goo = (M>o x SO(n — 1)) k M n_1 ,G 00; o = M>o x SO(n — 1) and 
Goo,o,i = SO(n — 2) be the stabilizers of respectively {oo},{oo,0} and 
{oo, 0,1}, where these are viewed as points in the upper half space model of 
H n . Note that G/G a 0 = cM”, and furthermore G/Goofl <9H n x cffiF 1 and 
GjGoo, o,i dW 1 x <9HI Tl x <9HI n as conull sets. By the Eckmann-Shapiro 

Lemma it directly follows that 

H? n (G,C°) - H? n (Goo,m, 

H q m {G,C l ) - ^(Goco.l), 

H q n (G,C 2 ) = H q n (Goo, 0 ,i, M), and 

H q m (G,C p ) = H q m (Goo,o,i,C p - 3 ), forp>2. 

Since for M-coefficients measurable and continuous cohomology coincide it 
follows that 7 E?’ 9 = Hc(Goo,M.). By the van Est isomorphism for any con¬ 
nected Lie group G we have H*(G,R) = H*(Q(G/K) g ), where K is the 
maximal compact subgroup of G and where Q q (G/K) G denotes the set of 
G-invariant real differential (/-forms on G/K (see for example [13] section 
III.7). Thus, since the maximal compact subgroup of Goo is SO(n — 1), it 
can be computed using the complex of multi-linear alternating SO(n — 1)- 
invariant maps (M x — y M, where SO(n — 1) acts on the M n_1 

factor. Let T : M x M n_1 be the projection onto the first factor and let 
det : (M X M n_1 ) n_1 —> M be the determinant defined on the second factor. 
Then, up to scalar multiplication, the only nonzero alternating forms are 
constant maps in degree 0, the form T in degree 1, the determinant det in 
degree n — 1 and T A det in degree n. A straightforward calculation gives 
d(det) = (1 — n) ■ T A det and therefore 


H q (G 0 


M, if q = 0,1; 
0, otherwise. 


Furthermore, the maximal compact of Goofl is also SO(n — 1) and thus 


^ H q (fr((M >0 )) SO(?l-1) ) 


M, if q = 0,1; 
0, otherwise, 




and, since SO(n — 2) is compact, 


M, if q=0; 

0, otherwise. 


=* H q (SO{n 


2),R) = 


q 


o-- §-- 0 Hl(G, C 3 ) + Hl(G, C 4 ) 


R---^ R-^ 0-^ Hl(G, C 3 ) H^(G, C 4 ) 


R-> R->■ R->■ (C 3 f -(C 4 ) G 


We finish the proof of Proposition 3.1 using the two following propositions 
which we will prove in the next two sections. 

Proposition 3.2. The map d\ : ^Ei 0,1 —> ^e}’ 1 is an isomorphism. 
Proposition 3.3. ^E^’ 9 = 0 for p > 2 and q > 0. 


It then follows that the spectral sequence degenerates at the second page, 
that is 

t ker(5:(CP) G -KCP+ 1 ) G '' 


^2 9 = { im(«5:(Cr-l) G ^(CP) G ) 

lo, 


if Q = 0; 

otherwise, 


which proves Proposition 3.1 


□ 


Hence Hc(G,M) can be computed as the cohomology of the cocomplex 
(C((<9HI ri ) p+1 , M) g , 5) which proves the first part of Theorem 1.1. In Propo¬ 
sition |3.4| below we prove in particular that all G-invariant cocycles a : 
(i9HI n ) p+1 —> M have a locally totally bounded representative. That is, a rep¬ 
resentative that sends compact subsets of (<9H ri ) p+1 to precompact subsets 
of M. Since (<9H n ) p+1 is itself compact it follows that such a representative 
is essentially bounded, i.e. bounded almost everywhere. This finishes the 
proof of Theorem o 

Proposition 3.4. Let A be a Polish Abelian G-module. Any G-invariant 
cocycle a : (<9HF l ) p+1 —> A has a locally totally bounded representative. That 
is, there exists a G-invariant cochain a : (<9HI n ) p — > A such that k = a + da 
is a locally totally bounded cocycle. 
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Proof. This follows by a dimension-shifting argument. For p = 0 cocycles 
correspond to constants in A and are thus bounded. Suppose now that p > 0 
and define Q : C ((dE n )P +1 , A) G -+ G((<9H n f, G(G, A)) G by 

Qa(x 0 , • • •, x p -i)(g) = (-1 ) p a(x 0 ,..., x p - 1} gGoo). 

Then 


8(Qa)(x 0 ,..., x p )(g) = a(x 0l ..., x p ), 

is independent of g. Let l(A) be the image of the embedding of A into 
C(G,A) as the closed submodule of constant maps which we identify with 
A. The image Qa of Qa in G((cM n ) p , G(G, A)/l(A)) g defines a cocycle. 
By the induction hypothesis it has a representative that is locally totally 
bounded, i.e. 

Qa = 13 + 67 , 

with /3 : (<9HI n ) p —> C{G,A)/l{A) a G-invariant locally totally bounded 
cocycle and 7 : (c®H n ) p_1 — y C(G,A)/l{A) a G-invariant cochain. There 
exists G-invariant measurable lifts (3, 7 of f3, 7 such that (3 is still locally 
totally bounded (but no longer a cocycle). Thus 

Qa = /3 + 67 + a, 

with a : (<9H n ) p -+ A a G-invariant measurable cochain. We have 5Qa = a 
and thus 

a = 6/3 + 6 a. 

It follows that 6f3 takes its values in i(A ) C C(G,A) and therefore that 
8/3 : (i9EI n ) p+1 — y A is a cocycle. Furthermore, for any compact L C <9IHI n : 

8/3(L p+1 ) c f3(L p ) - (3(L P ) + • • • + (-1)75(17), 

and thus 8f3(L p+1 ) is precompact as a subset of A C G(G, A). Hence k := 8(3 
is a locally totally bounded representative of a. □ 


3.1. Proof of Proposition [372] 

Recall that G M = (M>o x SO(n— 1)) ixM n-1 and G 0Oi 0 = M>o x SO(n — 1). 
Let j* : Lf^j(G, G(G/Goo,K)) — > fL^(G, G(G/G 00 i o, M)j be the map induced 
by the natural surjection G/Go )0 o G/G 00 . By abuse of notation we will 
denote the map H} ri (G,C{G/G 00 ,'R)) —> Lf^(G, G(G/G 00 i o, M)) induced by 
the differential d\ : H^/G, G°) —> Hf n (G, G 1 ) also by d\. We will prove 

Proposition 3.5. The map 

d 1 : H^(G,G(G/Goo,M)) -> ^(G, G(G/G oo , 0 ,M)) 


is egua/ to 2 j*. 
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This proves Proposition 3.2 since it implies in particular that d\ is an 
isomorphism. Indeed, measurable cohomology and continuous cohomology 
agree in degree 1 and thus 

f4(Goo,K) = Hom(G 00 ,M) ^ R 

and a generator is given by the homomorphism f\ : — >• M defined by 


fi{kA + v) = In (k), 

where kA + G oo = (M>o x SO (n — 1)) k M n_1 . Furthermore, 

H m( G oo, 0 ,^) = Hom(G OOi0 , M) = M, 

and a generator is given by the homomorphism fi : G 0 0 o —>• M defined by 

f 2 (kA) = In (k), 

for kA G Goo o = M > 0 x SO(n — 1). Under the Eckmann-Shapiro Lemma 
j* corresponds to the map i* : — > H} n [G 00 ) o,M) induced by the 

natural inclusion i : G ^ o ^ Goo. This is an isomorphism as it sends f\ to 

h- 


Let J G Isom + (EI n ) be a rotation by 7r centered on a point on the geodesic 
between 0 and oo so that J( 0 ) = oo, J(oo) = 0 and J^ 1 = J . For an explicit 
formula of such a rotation see below. Let 

J* : -^m(G, G(G/Goo, 0 ,M)) ->• ^(G,G(G/Goo,0,M)) 
be the isomorphism defined on cochains by 

J*(a) ( 50 , 51 ) (gGoofl) = aigo^^igJGoofl) 

for a G G(G 2 ,G(G/G oo , 0 ,M)) g and g 0 , gi ,g€ G. 

Let V'oo : G(G 2 ,C(G/Goo,M)) g -> G(G 2 , G(ffl n , M)) G be the isomor¬ 
phism defined by 

ipoo (P)(go,gi)(x) = P(go,gi)(gGoo), 

for p G G(G 2 , G(G/Goo, M)) g , go> 5 i G G and x G dW 1 and with g G G 
such that g ■ 00 = x. Furthermore, let i/’oo.o : C(G 2 ,C(dM n x cffl n ,M)) G -> 
G(G 2 , G(G/G 00 j o,M)) g be the isomorphism defined by 

, <Poo,o( a )( 9 o,gi){gGoo,o) = a(go,gi)(g -0,5-00) 
for a G C(G 2 , G(< 9 HI n x < 9 H ri ,M)) G and 50)5i>5 £ G. 


G(G 2 ,G(G/Goo, M)) g 

'Ipoo 

G(G 2 ,C°) g - 


^->G(G 2 ,G(G/G OOi0j R)) g 

^ 00,0 

— -> G(G 2 ,G 1 ) g 


Lemma 3.6. cii = j 
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Proof. By definition the differential operator d\ : H^(G,C 0 ) —> H} n {G,C l ) 
is induced by 5 : G° G 1 , i.e. for [a] G H} n (G, C°),g G G and xq, x\ G 8W 1 

di[a\ = [<Jo a], 

where 

(h o cr){go,gi)(xo,xi) = a(g 0 ,gi)(xi) - a(g 0 ,gi){x 0 ). 

For a G G(G 2 , G(G/Goo, M>o)) and go,gi,g G G we have 

1 ^ 00,0 ° S o ipoo{(r){go-} 5i)(fi'Goojo) = <r(9o,9i)(gGoo) ~ &(go,gi)(g ■ JGoo) 

= j*(<r)(9o,9i)(9Goo,o) 

-J*oj*(a)(g 0 ,g l )(gG oofi ), 

and it thus follows that d\ = j* — J* o j*. □ 


Since continuous cohomology and measurable cohomology coincide in de¬ 
gree 1 we can and will from now on work with continuous cochains. For 
such cochains an isomorphism <p : CdG'd q,!!) 000 ’ 0 —> G c (Goo,o>®) between 
the homogeneous and inhomogeneous resolution is given by 

<p(v)(9o-,9i) = 9o ■ o'(s'oV), with inverse 

<P _1 (/3)(g) = P(e,g). 

Lemma 3.7. J* acts as —1 on i7,^(G 00j o,K>o)- 


Proof. Let s : G/Gqo, o —> G be a Borel section such that s(Goo ; o) = e. Let 
a G Hom(G oo>0 , M> 0 ) be a cocycle, h\ G G'oo.o, and g G G. Let (f> and if be 
the maps defined at the end of section 2. Then 

Lpocj)oJ*oifo Lp~ l (a){h\) 

— a(X(s(gG OC fi), gJGoofi) • A(s(<7G 00 j o)^ , ii 9 ,< ^G 00 j o)) 

— a(s(s(gG 00: o) gJGoofi) ■ h\ ■ s(gG 0 o,o) 5°IGoo,o)) 

= a(s(JG 0 Oi o) 1 • h\ ■ s(JGoo,o)) 

= aifif 1 J~ 1 h\Jh2) 

= a(JhiJ), 

where h -2 = Js(JGoo,o) G G^g and we use that s(/iJG 00 i o) = s(</G 00 i o) for 
all h G Goo >0 . Thus J* acts by conjugation on i7 ? ^(G 00 ) o,lR > o)- In the upper 
half space model a possible formula for J is 

J . (xi , . . . , X n ) l > t tk (xi , . . . , X n —2 , iCn—11 2-n)) 

XT 
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for x = (xi, ..., x n ) E H n \ {oo}. Let g E Goo,o, say g = kA with k > 0 and 
A E SO(n — 1) and let x E H n \ {oo}. Then 


JgJ{x) 


J ' i _|2 ^ ("^1) • • • i ■^n—21 X n — 1 > ®n) 


X 


1 



-rAr(x), 

K 


- —r^rj4r(x) 

xr 


where r is the reflection in the hyperplane orthogonal to the (n 
ordinate axis. Hence fi(JgJ) = —f 2 (g)- 


l)th co- 
□ 


3.2. Vanishing of for p > 2 and q > 0 

In this section we give the proof of Proposition |3.3| For a Polish Abelian 
G-module A denote by I\ p,q (A) the G-module C(G q+1 , C'((dHI n ) p+1 , A)) G . 
We will identify it with the G-module of G-invariant measurable maps 
G q+1 x (5H n )P +1 -> A. 

Proposition 3.8. Let [[a]d]<5 £ HsHd(K p,q (A)). Then there exists a locally 
totally bounded representative k of [[a]d]j. That is, there exist G-invariant 
measurable maps a : G q+1 x (<9HI n ) p —> A and A : G q x (<9HI n ) p+1 —> A such 
that 

K = a + 5a + d\: G q+1 x (dH n ) p+1 -> A 
is locally totally bounded. 


Proof. We will prove Proposition T 8 by induction on q. Suppose q = 0. 
Then da = 0 implies that the cocycle a : G —»• G((cffH n ) p+1 , M) is a con¬ 
stant function into G((<9H n ) p+1 , A) G . We identify a w ith this element of 
G((<9H n ) p+1 , A) g and the statement in Proposition |3.8| follows from Propo¬ 
sition 13.41 

Suppose now that q > 0. Let a E C(G q+1 , C((dH n ) p+1 , A)) G be such 
that da = 0 and da = d- y, where 7 : G q x (cUF 1 )^ 1 —> A. Define 
Qa E C(G q ,C((dW l ) p+ 1 ,C(G,A))) G by 

Qa(g 0 ,..., g q - i)(x 0 , • • •, x p )(g) := (-1 ) q a{g 0 ,..., g q -i,g)(x 0 ,..., x p ). 

Then 

dQa(go ,..., gq) (xo ,..., -Xp ) a (go,..., gq) (xo ,..., Xp) ? 

and 


dQa(go,.. •, g q —1) (xo ,..., *^p+i) (9 ) ( 1 ) da (go ? • • ■ ? 9 q —15 g') (xo,..., x p +\) 

= (-l) 9 ^7(5o,- ■ ■ ■ • • ,x p+ i) 

= (- 1 ) 9 7(ffo, ■ ■ ■ ,g q -i)(x 0 ,..., x p+ i) 
(-l) q dQ'y(g 0 ,.. .,g q -i)(x 0 ,..., x p+ i )(g). 
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Hence Qa E C(G q , G(((9HI n ) p+1 , G(G, A)/l(A))) g satisfies the conditions of 
the proposition and so by the induction hypothesis 

Qa = f3 + dp, + du, 

where f3 is a locally totally bounded cocycle. Then, as in the proof for q = 0, 
there exist G -invariant measurable lifts f3 , g and v of these maps such that 

Qa = /3 + 5fi + dv + r], 

with r/ : G q x (9H n ) p+1 —> l(A) and such that /3 is still locally totally 
bounded. We obtain 

a = d/3 + d5/i + dr/. 

Note that since the left-hand side takes values in l(A) the right-hand side 
does as well. Hence, since d/3 and dr/ both take values in l(A), d5/i can 
be identified with a coboundary in C(G q+1 , G((<9H n ) p+1 , A)) G . It follows 
that k := d/3 is a locally totally bounded representative of the class of a in 
H s H d (KP’ q (A)). □ 


Let I\c' q (A ) be the G-module C c (G q+1 , G((cffll n ) p+1 , A)) G where A is from 
now on a Frechet G-module and let Kf’ q = Kc’ q (R). Then 

Proposition 3.9. H 5 H d (K p c ’ q (A )) = HsH d (K p ’ q (A)). 


Proof. By Proposition 3.8 any cocycle [[a]d ]5 E H d H d {I\ v,q {A )) has a lo¬ 
cally totally bounded representative k. Then, as in the proof of T. Austin 
and C.C. Moore of the isomorphism between continuous and measurable 
cohomology for Frechet coefficients, such a cocycle is effaced by the in¬ 
clusion A ^ C c (G, A) and the result follows by Buchsbaum’s criterion. 
More precisely, there exists an r/ : G p x (c®H n ) 9+1 -» C c (G,A) s.t. dr/ = k 
where k is viewed as a map G p+1 x (cffl n ) 9+1 — > C c (G,A) taking values in 
i{A) C C c (G,A). For example, we can define q by 


v(9o,---,9p-i)(x 0 ,...,x q )(g) := 

(-1 ) p / n(go, ■ ■ • ,g P -i,gh)(xo,... ,x q )£(h)dn G (h), 

Jg 

where go, , g p -i,g E G, xo, ■ ■ ■, x q E dW l and £ : G — > M>o is a compactly- 
supported continuous function with f G ^dfj,c = 1 - Since furthermore 

H s H d (K p ’°(A )) = H 5 H d (K p ’°(A )) = H s ((C((dW n ) p+1 , A)f) 


and there exist long exact sequences in the case of Frechet modules for both, 
Buchsbaum’s criterion applies. □ 


Let K = SO(n — 2) and let s : G/K —> G be a locally totally bounded 
Borel section such that s(K) = e. By the Eckmann-Shapiro Lemma we have 
Hm{G, C(G/K, C p ~ 3 )) = H q n (K,C p ~ 3 ). From Proposition 


3.9 


it follows 

that if we restrict to cocycles in H§H d (K p,q ) we can assume them to be 
continuous in G q+l . As shown at the end of section 2 we then get an explicit 
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map $ : C c (G g+l ,C{G / K,CP~ 3 )) g -> C c {K g+1 ,CP~ 3 ) K that induces the 
isomorphism 

H s H d (C(G g+ \C(G/K,CP- 3 )) G ) = HsH d (C(K g+1 ,C P ~ 3 ) K ). 

Proof of Proposition \3.3[ Let [[a]<i]<5 £ H d H d (Kc' q ) = E ™. We will show 
that in this case a is cohomologeous in H d H d {Kc' q ) to a coboundary in 
H d (K p,q ). By Proposition |3.8[ a has a locally totally bounded representative 
P : G q+1 x (cffl n )P +1 -> R. Then 0(/3) : K q+1 x ( dM n )P ~ 2 -A R is also a 
locally totally bounded cocyle and furthermore we have <j>(/3) = dr /, where 
77 : it ' 9 x (<9HI n ) p-2 —> R is defined by 

r/(k 0 , .. ,,k q - i)(.x 0 ,.. .,x p - 3 ) : = 

(-1) 9 / (/>(/3)(ko, ■ ■ ■ ,k q - 1 ,k)(x 0 ,... ,x p ^ 3 )dn K (k). 

Jk 

It follows that = 0 for p > 2 and q > 0. □ 


4. Injectivity of the comparison map in degree 3 


Corollary 1.2, i.e. injectivity of the comparison map for real hyperbolic 


space H n in degree 3, is an immediate consequence of Theorem By this 
theorem, we have 

ker(<5 : C((c®F) 4 ,M) G -> C((dH n ) 5 ,R) G ) 


H 3 (G,R) = 


im(<5 : C((») 3 ,M) g -a C{(dU n ) 4 , M) G ) ' 

Furthermore, the continuous bounded cohomology of G can also be calcu¬ 
lated with maps that are defined on the boundary of hyperbolic space |16 
Theorem 7.5.3]. That is, 


H 3 b (G,R) = — 


ker(c) : L°°((OT 


n \4 


\G 


L°°((dW n ) 5 ,R) 


im(5 : L°°((dU n ) 3 ,R) G -> L°°((<9HD) 4 , R) 


G\ 


where L°°((<9HI n ) p , R) C C((dM. n ) p , R) consists of essentially bounded mea¬ 
surable function classes. By 3-transitivity of the action of G on the bound¬ 
ary of hyperbolic space it then follows that cochains in degree 2 are con¬ 
stant. Since in even degree applying 5 to a constant gives zero there are no 
coboundaries in degree 3. Hence H 3 (G,R ) and H 3 b (G,R) are equal to the 
corresponding spaces of cocycles and it follows that the comparison map is 
injective, given as the natural inclusion of cocycles. 


Injectivity in degree 3 for Isom + (HI n ) also follows from a simpler argument 
which only uses some basic properties of hyperbolic space and the injectivity 
in degree 3 for n = 3. Denote by M e the Isom(HI ri )-module R with Isom(HI n )- 
action given by the homomorphism 

e : Isom(HI n ) —> Isom(H n )/Isom + (HI n ) = {1,-1}. 
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We have 

H* c {b) { Isom+(H n ),M) =* H* c[b) { Isom(H n ),M) © 7^ (b) (Isom(H n ), M e ). 

Also, H'^^(lsom + (M 3 ), M) is generated by the volume cocycle which is equi- 
variant, i.e. in LI 3 ^(Isom(HI 3 ), M e ) and thus i7 3 ^(Isom(HI 3 ),M) = 0. On 
the other hand, for n > 3 we have Z/ 3 ^(Isom(HP),R e ) = 0 (see [5|)- Hence 
Hl [b) { Isom+(EP),R) = Hl (b) { Isom(HP),M). 

Lemma 4.1. Let n > 3. Then b (Isom( HP),R) = 0. 

Proof. Let [j 3 \ G -ff 3 & (Isom(HP),R). Let i : HI 3 HP be a natural embed¬ 
ding. We will identify the image i(H 3 ) C HP with HI 3 . Since /3 restricted to 
H 3 is a cocycle in C Cjb ((HI) 3 , M) Isom ( H3 ) there is an a G C Cib ((HI 3 ) 3 , M) Isom ( H3 ) 
such that 5a = /3| H 3. Let xq, x\,x 2 G HP. These points lie in a 2-dimensional 
hyperplane H{x o, aq, x 2 ) and since Isom(HP) acts transitively on such hyper¬ 
planes there always exists a g G Isom(HP) such that g(H(xo,xi,x 2 )) C HI 3 . 
Define a : (HP) 3 —> M by 

a(x 0 ,xi,x 2 ) = a(gx 0 ,gx 1 ,gx 2 ), 

where g G Isom(HP) is such that g(H(xo,x\,x 2 )) C HI 3 . One checks easily 
that this is well defined, a G (^((HP) 3 , u) Isom ( Hn ) an d < 5,5 = it follows 
that i^ 3 b (Isom(HP), M) = 0. □ 


The proof above only uses the following two facts: 

(1) An isometry of HP can be extended to an isometry of HP +1 . 

(2) If xo,...,Xk G HP +1 where k + 1 < n then there exists a g G 
Isom(HP +1 ) such that gH(xo,... ,x k ) C HP where H[xo,...,x k ) 
denotes the linear subspace spanned by the points xo,... ,x k . 

These also hold in complex hyperbolic space HI^. Hence we immediately 
obtain the following lemma. 

Lemma 4.2. Let k < n and suppose that Hjf b (Isom( EI^),M) = 0. Then 
H* b (Isom( Hg 1 ),®) = 0. 


Theorem |1.3| is proved similarly. On cochains define 

j : C'((M^ c) ) fe+ 1 ,M) Isom(H rc)) C((H”+ 1 ) fc+ 1 ,M) Isom(H rc) 1) 

by 

j(P)(x 0 ,• • -,Xk) ■= f3{gx 0 ,.. .,gx k ), 
where g G Isom(EP c p is such that g(H(x 0 ,... ,x k )) C *(EI” c p. Then 


S(j(P))(x 0 ,...,x k+ i) = 5/3(g'x 0 ,...,g'x k+1 ), 
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with g' e Isoitl(EI”q 1 ) such that g'(H(x o,..., Xk+i)) C H” C ). Note that such 
a g' exists since k + 1 < n. It follows that if /3 is a cocycle then j{fi) is as 
well. Let furthermore 

r : C'((M”+ 1 ) fc+1 ,M) Isom(H "c) 1) -> C((M^ c) ) fe+1 ,M) Isom(H "c)) 

be the map defined by restricting a /c-cochain to (BI” c ^) fc+1 . Then for a 
cocycle (3 in degree k 

roj(P)(x 0 ,...,x k ) = j((3)(x 0 ,...,x k ) 

= P(x o,...,X k ), 

for all xo,..,,Xk G It follows that j induces an injective map on 

cohomology. 
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